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ABSTRACT 

We study universe models which are intrinsically closed and are full of a quintessence 
scalar field, besides the Cold Dark Matter component. We use these to depict di¬ 
verse flat Cold Dark Matter models. With the background geometry specified by 
the Friedman-Robertson-Walker metric, we include among them the standard Cold 
Dark Matter, the Cosmological Constant Cold Dark Matter and the Dark Energy or 
Quintessence Cold Dark Matter models. After describing these models, we determine 
the position of the first Doppler peak of the Cosmic Microwave Background anisotropy 
spectrum for ilp close to one; we also study the shift parameter R. 
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1 INTRODUCTION 

To day, we do not know precisely the exact amount of mat¬ 
ter present in the universe, so that we ignore its geometry. 
Astronomical observations conclude that the matter den¬ 
sity related to baryonic and nonbaryonic cold dark matter is 
much less than the critical density value (White et al. 1993). 
However, recent measurements of type la distant supernova 
indicate that in the universe there exists an important en¬ 
ergy component which contributes to a large component of 
negative pressure, and thus it accelerates rather than decel¬ 
erates the universe (Perlmutter et al.l998; Garnavich et al. 
1998). 

Different interpretations have been suggested for ex¬ 
plaining the acceleration of the universe. We distinguish here 
those related to the existence of a cosmological constant, 
and the quintessence or dark energy models. The former are 
characterized by a a vacuum energy density, while the lat¬ 
ter are characterized by a scalar field y, and its potential 
V{x) (Caldwell, Dave & Steinhardt 1998). 

Various tests of cosmological models, including space- 
time geometry, galaxy peculiar velocities, structure forma¬ 
tion, and very early universe descriptions (related to infla¬ 
tion (Guthl981)) support a flat universe scenario. Specif¬ 
ically, the redshift-distant relation for supernova of type 
la, anisotropies in the cosmic microwave background radi¬ 
ation (Roos & Harun 2000; Mather et al. 1994) and grav¬ 
itational lensing (Mellier 1999) suggest that Qt = 1.00 ± 
0.12 (95% cl) (De Bernardis et al. 2000). 

In light of these results, one interesting question to ask 
is whether this flatness is due to a sort of compensation 
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among different components that enter into the dynami¬ 
cal equations. In the literature we find some descriptions 
along these lines. For instance, a closed model with an im¬ 
portant matter component with equation of state given by 
P = —p/3 has been studied (Kolb 1989). Here, the uni¬ 
verse expands at a constant speed. Other authors, using the 
same equation of state, have added a nonrelativistic compo¬ 
nent in which the total matter density, Dt, is less than one, 
thus describing an open universe (Kamionkowsky & Toum- 
bas 1996). Also, flat decelerating universe models have been 
simulated (Cruz, del Campo & Herrera 1998; Gataldo & del 
Campo 2000; del Campo & Cruz 2000). The common fact 
in all of these models is that, even though the starting ge¬ 
ometry were other than that corresponding to the critical 
geometry, all of these models are indistinguishable from flat 
models at low redshift. 

In this work we want to describe a closed universe model 
composed of two matter components. One is the usual non¬ 
relativistic dust matter and the other corresponds to a sort 
of quintessence-type matter, designated by the Q scalar field, 
which we assume obeys an equation of state 

Pq=WqPq’ ( 1 ) 

where, in general, the Wq parameter is a time dependent 
negative. We also assume that its current value is bounded 
from the above, Wq ^ —1/3. The geometry, together with 
this matter component, combines in a way such that flat 
universe scenarios arise. Among the scenarios which we con¬ 
sider are the standard Cold Dark Matter or Einstein-de Sit¬ 
ter (sCDM), the Cosmological Constant Cold Dark Matter 
(ACDM) and the Quintessence (or dark energy) Cold Dark 
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Matter (^CDM) models. In the latter scenario, a scalar field 
X is added to the relevant components (Wang, Caldwell, Os- 
triker & Steinhardt 2000). In this case, it is assumed that 
there exists an equation of state for the dark energy scalar 
held X given by — w^Pxy where astronomical observa¬ 
tions (related to type la supernovae measurements) set an 
upper limit on the present value of ^ ~l/3 (Gar- 

navich et al. 1998). 


From the theoretical point of view, anisotropies in the 
CMB are related to small perturbations, which are believed 
to seed the formation of large-scale structures in the uni¬ 
verse. These anisotropies are sensitive to cosmological pa¬ 
rameters such as the CDM, number of baryons, three-space 
curvature and the cosmological constant (Hu & Sugiyama 
1995a). These anisotropies are enhanced by oscillations of 
the photon-baryon huid before decoupling, which are driven 
by primordial density huctuations that depend on the mat¬ 
ter content (Hu, Sugiyama & Silk 1997). 

Models with adiabatic and isocurvature Huctuations 
predict a sequence of peaks in the power spectrum which 
are generated by acoustic oscillations of the photon-baryon 
Huid at recombination. The fluctuations, as a function of the 
wavenumber k go as cos{kCsT^g) at last scattering, where Ca 
is the sound speed and is the conformal time at recom¬ 
bination. In the case of primordial adiabatic fluctuations, 
these causes a harmonic series of temperature fluctuation 
peaks, where km = - corresponds to the mth peak. 

'^LS 

In the isocurvature case, it is found that the acoustic peaks 
are 90'^ degrees out of phase with their adiabatic counter¬ 
parts (Hu & Sugiyama 1995b). 

Of particular interest is the height and position of the 
main acoustic peak - the so called Doppler peak. This pro¬ 
nounced peak in the angular power spectrum occurs at mul¬ 
tipole Zgg. The exact value of Z^g depends on both the 
linear size of the acoustic horizon and the angular diam¬ 
eter distance from the observer to the recombination era 
(last scattering surface). Both of these quantities are sen¬ 
sitive to a number of cosmological parameters, essentially 
to the total density parameter Ht, which is defined to be 
the ratio between the total matter density and the criti¬ 
cal energy density. In the case in which there is no con¬ 
tribution from the cosmological constant, it is found that 
Zgg ~ 200 /VHt (Kamionkowsky, Spergel & Sugiyama 1994; 
Hu & Sugiyama 1995a; Frampton, Ng & Rohm 1998; Dodel- 
sol & Knox 2000; Crooks, Dunn, Frampton & Ng 2000). 

A precise measurement of Z^g can efHciently constrain 
the density parameter and, specifically, the curvature of the 
universe. In fact, in the BOOMERanG (Balloon Observa¬ 
tions Of Millimeter Extragalactic Radiation and Geomag¬ 
netic) experiment the value Z^g = (197 ±6) (1 — cr error) 
has been reported (De Bernardis et al. 2000). This, in a 
model with A = 0, is consistent with an almost flat geom¬ 
etry, since this value leads to Qt ~ 1.03 ± 0.06 (Roos & 
Harun 2000) when the above expression, Z^g ~ is 

used. For instance, in the case of the ACDM model, we And 

that Ht = Hm + Ha, in which Qm = — = ( ) Pm 

Pc \3rjQ J 


and Ha = (g!^) “ = 3^' ^ere, ph, p^ and Hq are 

the present values of the nonrelativistic matter, the critical 
densities and the Hubble constant, respectively, and G is 


A 


the Newton constant. Ha and Hm are parameters associated 
with the cosmological constant A, and the matter density is 
related to the baryonic and nonbaryonic Cold Dark Matter 
density, respectively. From now on, all quantities with up¬ 
per (or lower) zero indexes specify its current values, and we 
take c = 1 for the speed of light. 

The paper is presented as follows: In section H we write 
the Einstein Held equations. In section HI we study three 
specific models. They are the sCDM, the ACDM, and the 
yCDM. In section IV we proceed to describe the position 
of the Hrst Doppler peak for each of these models. Here, we 
express the Hrst Doppler peak Z^g, in terms of the Ht pa¬ 
rameter, considered to be close to one. We also determine 
the shift parameter R for the models studied here. We con¬ 
clude in section V. 


2 THE EINSTEIN EIELD EQUATIONS 

We start with the effective Einstein action given by 
1 


S= ax 


Iflrr G 


:TZ 


1 


+ ^ {d^Qf - V{Q) + C, 


( 2 ) 


where TZ is the scalar curvature; V{Q) is the scalar potential 
associated with the scalar field Q\ and Cm is related to any 
other matter component. 

We shall assume that the Q field is homogeneous, i.e. 
it is a time-dependent quantity only, Q = Q(Z); and the 
spacetime is isotropic and homogeneous with its metric cor¬ 
responding to the FRW metric: 

„2 


ds^ = dt^ — a{t)^ 


dr^ 


1 — kr^ 


+ r' 


( d6^ + sirdO d(j)^^ 


( 3 ) 


where a{t) represents the scale factor, and the k parameter 
takes the values k = — 1, 0, 1 corresponding to an open, 
flat and closed three-geometry, respectively. With these as¬ 
sumptions, action (2) yields the following field equations: 
The time-time component of the Einstein equations reads: 


= ^ (Pm +P«) - 


( 4 ) 


and the evolution equation for the Q scalar field becomes 
dV{Q) 


Q + 3HQ =-■ 


dQ 


( 5 ) 


Here the overdots denote derivatives with respect to t; 
H = — defines the Hubble expansion rate; p^^ and p^ are 
the effective matter energy density and the average energy 
density related to Q, respectively. The Q-energy density is 
defined by 

pQ = + V{Q). (6) 

We introduce its average pressure Pq by means of 

Pq = \q^ - V{Q ). (7) 

These two quantities are related by the equation of state, 
eq. (1). By using eqs. 6 and 7, eq. (5) becomes 
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pQ + 3H{pq + p^) _ 0, 


( 8 ) 


which represents an energy balance for the scalar field Q. 
Similarly, we have a relation for the nonrelativistic matter 
component, i.e. + Pj^) = 0, which we take to 

be characterized by the equation of state = 0, corre¬ 
sponding to a nonrelativistic dust component, in which case 
this equation solves to give: pj^ oc . In this way, we have 
a combination of two noninteracting perfect fluids: the dust 
matter component (pj^) and the quintessence scalar field 
(Pq) component. 

Equation (4) may be written as 






Pm 

0 ^ 

PM 






(9) 


Here, the present curvature density parameter, fife, and the 
quintessence (or dark energy) density parameter, Q.q, are 
defined by 



and 


fig 


SttG \ 0 


( 10 ) 


( 11 ) 


respectively. 

In the next section we study the characteristics of the 
different models that arise when the nonrelativistic matter 
component, pg^ together with equations (4), (5) and the 
equation of state for the scalar field Q, are considered, so 
that different flat universe models occur. As was mentioned 
in the introduction, these models are the sCDM, the ACDM 
and the yCDM. 

In order to mimic a fiat universe, we assume that p^, 
together with the curvature term, combine in a way such 
that the following scenarios occur: 


where, similar to the definitions for and , we define 
Qg, — ^ ^ for the present value of the quintessence 

density parameter. 

Some comments are in order. In the first two cases we 
could obtain an explicit expression (as a function of cosmo¬ 
logical time) for the unknown energy density, pg, if we know 
the scale factor a(t) as an explicit function of time. On the 
contrary, in the third case, we need not only to know the 
explicit expression for the scale factor, but also the explicit 
time dependence of the dark energy density p^. Also, since 
in the first case the quantity located on the left hand side 
has to vanish and, considering that the energy density, pg, 
can not be negative, we are forced to consider closed ge¬ 
ometries (fc = 1), in which case flj, become negative. In the 
second and third cases we will also consider the geometry to 
be closed. In this case, we could take a complete range for 
the scale factor a(t), i. e. 0 Si a(t) < oo. 


3 THE SPECIFIC MODELS 

In this section we shall impose the conditions under which a 
closed universe (fc = 1) may look like a flat universe (fc = 0) 
at low redshift. The flat models are characterized by expres¬ 
sion (12) (or equivalently eq. (13)). 


3.1 The Einstein-de Sitter or Standard Cold Dark 
Matter (sCDM) Model 

In order to have a closed universe, but one which still has 
a nonrelativistic matter density whose value corresponds to 
that of a flat universe, we impose the first condition de- 

3 

scribed by equation (12), i.e. Po(a) = -or, equiva- 

^ SttG 

lently, from equation (13) 



SttG , . k 

' 0 for the sCDM mode, 

= , — for the ACDM model, (^ 12 ) 

—^Py(t) for the xCDM model. 

For future reference we write eq. (12) in terms of the 


parameters: 




(1) 

+ 

/ ^' 
V a , 

r 


' 0 


for the sCDM mode. 

= < 

Ha 


for the ACDM model. 


( 

^ c 
KPl . 

^ for the xCDM model. 


where flc is the density parameter for a closed universe, i.e. 
flc = < 0. Note that equation (14) gives at present 

time Qq = I Q,c |- 

When equation (14) is substituted into equation (9), the 
following expression results: — Siv GpM/3, which gives 

for a dust dominated universe: a{t) = ao . Notice 

that this expression gives Hm = 1 when evaluated at present 
time. 

Now we are in a position to obtain the intrinsic charac¬ 
teristics of the scalar field Q. From expressions (6) and (7), 
together with the equation of state, eq. (1), we obtain 
Q{t) = y^(l -I- wq) Pg(t), which gives Q{t) = Qo(l/lo)^, 

where Qo is defined by Qo = 3 \/(I + wq) (to/flo)- 

The same set of equations gives Vqlt) = (1 — 

wq) PqO C = , where Vo = p^Glgl^. These 

solutions combine in a way such that the scalar potential 
becomes 

^q(Q) = Vb , (15) 

which represents a typical potential for a quintessence scalar 
field. 
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In order to satisfy the field equation (5), we need to take 
wq = — 1/3. With this value for wq, the scalar field Q has 
properties similar to the matter described in references Kolb 
(1989), Cruz, del Campo & Herrera (1998), and del Campo 
& Cruz (2000). 


3.2 The Lambda Cold Dark Matter Model 
(ACDM) 

Following a procedure similar to that of the previous sub¬ 
section, we take the second of the three constraints specified 
by equation (13), i.e. 




\ P°Q J 


+ flc 


0,0 

a{t) 


= flA, 


(16) 


where the parameters Qq, flc and Ha have already been 
defined. Equation (16) evaluated at the present epoch, gives 
fig -I- flc = f^A. Since Qc < 0, we must satisfy Qq > Ha. 

Under condition (16), the time-time component of Ein¬ 
stein equations becomes analogous to that for a fiat uni¬ 
verse, where the usual matter and the cosmological con¬ 
stant form the main matter components of the model. 
Thus, equation (9) reads for a nonrelativistic perfect fluid: 

Ha + flM 

pression is evaluated at present time, i.e. t = to, we obtain 
flM + = fir = 1. For numerical computations we shall 

take flM = 0.35 and Qa = 0.65. The latter choice agrees 
with the amount of cosmological constant, Qa < 0.7, con¬ 
strained by QSO lensing surveys (Kochanck 1996). 

Using the definition of the Hubble parameter together 
with equation ( 8 ), we obtain 

d 


= Ha 


. Notice that, when this ex- 


P 

® 3a2 da 


Pq) 


(17) 


for the effective pressure associated with the Q field. By 
substituting eq. (16) into eq. (17), we obtain 


ACDM 1 

(«) = - o 


(Uq — Ha) (flo/a)^ -I- 3 Ha 


3 [ (Uq — Ha) (oo/a) -1- Qa J 


(18) 


for the equation state parameter Wq . Notice that the case 


A = 0 gives (a) = —1/3 = const., corresponding 


Q 

to the Einstein-de Sitter model described in the previous 
subsection. For A 7 ^ 0, the parameter (a) is always 

.... „ ACDM 

negative, since m the limit a —> 0 , we get —> 

ACDM 

— 1/3 and for a —> 00 , we find —> —1. Thus, the 

ACDM , , ACDM 


parameter w 


Q 


lies in the range — 1 < w 


Q 


< -1/3. 

ACDM 

Figure 1 shows how the equation of state parameter 
changes with time, for three different values of the scalar 
field density parameter, fig; and the parameter Ha fixed at 

0 . 6 . 

Another interesting characteristic of the quintessence 
scalar field is the form of its scalar potential, V{Q). In or¬ 
der to determine this form, we consider the definitions ( 6 ) 
and (7) together with the equation of state (1), we obtain 


ACDM , , n 

V/3 («) = 

3Qa + 2 (Uq - Qa) {JY 
+ 2 


(19) 



t 

ACDM 

Figure 1. This graph shows the equation of state = 

PqIPq as a function of time (in units of Hq? the present value 
of the Hubble parameter) for three different values of the density 
parameter, Qq ( Hq = 0.75, 0.85 and 0.95). Here, we have used 
= 0 . 6 . 


where Vq = 1 ( Ha + 2 ) = Uq ( Ha + 2 ) rep¬ 

resents the present value of this potential. 

On the other hand, from the same equations ( 6 ) and (7) 
we get that, after substituting the corresponding expressions 
for pQ and Wq , an explicit expression for the scalar field Q 
as a function of the scale factor 

/ a \ 1/2 

Q(a) = Qo (-) 

\aoJ 


2^i(i4;i;-(^)(^)') 


( 20 ) 


where 2 Fi is the generalized hypergeometric function and 
Qo is defined 


as Qo = Q{ao) = Q 


Uq — Ha 
Hm 


lEi 


/I 17 


V2’ 6’ 6’“ 

\ Q,m ) ) 


with Q = 


8pc 

8Hl 


By using numerical computations, we can plot the scalar 
potential Vq as a function of the scalar field Q. Figure 2 
shows the plot for three different values of the parameter 
density fig, ( Og = 0.75, 0.85 and 0.95). The other param¬ 
eters, and Ua are fixed at values 0.35 and 0.65, respec¬ 
tively. Note that at sufficiently higher values of Q the po¬ 
tential approaches a constant value given by 3Ug Ha. This 
value becomes independent of the parameter fig. 


3.3 The Quintessence (or Dark Energy) Cold 
Dark Matter Model (yCDM) 

In this case we consider the following constraint equation: 
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Figure 2. Plot of the scalar potential Vq (in units of Vq = Pc'/S) 
as a function of the scalar field Q (in units of Q = ) 

for three different values of the density parameter, Hq ( Qq = 
0.75, 0.85 and 0.95). We have taken = 0.35 and = 0.65. 



which reduces the time-time component of Einstein equa¬ 
tions to 


= Ha 



( 22 ) 


where, just as before, we have considered dust to be the 
regular matter, 

These two latter equations together with the evolu¬ 
tion equations for the scalar fields x S'lid Q form the basic 
set of equations for our model. In order to solve this set 
of equations, we need to introduce the equations of state 
for the quintessence scalar field components Q and x- We 
assume that the x held component is characterized by a 
constant equation state parameter that lies in the range 
— 1 < < —0.6. Instead, we consider Wq to be a vari¬ 

able quantity whose actual value lies in the same range as 

Wq- 

We can use the definition of and in terms of 
the scalar field x, together with the equation of state that 
relates these quantities, for obtaining x field as a function 
of the scale factor a. The result is 


X(a) = Xo (—) 
Vfflo/ 


— 3'Wy,/2 


CIOj 

2 F 1 


\^ 2 ’ 2 ’ 2 ’ \Q.m j \o.q) j 

3 ^i(id;|;-(^^)) 

where Xo is given by Xo =X' 2 Fi 


( 


1 1.3._ 


2 2 2 


V xim J j 


(23) 


with 


X = ^‘ip^/dHg^flxC + Wx)/^Mwi. 



X 


Figure 3. This graph shows the scalar potential (in units of 
p(^/2) as a function of the scalar field x (iu unit of y^4pj- /9i7Q) 
for three different values of the equation state parameter, = 
—0.7,—0.8 and —0.9. Here, we have taken = 0-35 and = 
0.65. 


In a similar way we obtain 


Vfia) = 




(24) 


for the scalar potential as a function of the scale factor 
a, where the present value of this potential is given by Vf = 

^{1 - Wx) Pc^x- 

Figure 3 shows the plot of the scalar potential y as 
a function of the scalar field x, for different values of the 
state equation parameter and the parameters and 
Qm have been fixed at 0.65 and 0.35, respectively. This form 
of potential has been described in the literature (Saini, Ray- 
chaudhury, Sahni & Starobinski 2000). Note that, as long as 
Wx —> —1, the potential y —> const. = p^ i.e., the 
model becomes equivalent to the ACDM. 

Following an approach analogous to that done in the 
previous subsection, we find that wq is given by 


(a) = 


1 -f- /3 
1 - ZPw 




(25) 


where P = XIx/(XIq — Xl^) and ui° is the present value of 
WqIo) defined by = Pq/p^. Figure 4 shows its depen¬ 
dence on the redshift 2 : defined as z = ao/a — 1, for three 
different values of Wx- As before, we have chosen XIq — 0.85 
and Xlx = 0.65. 

In this case the scalar field Q becomes given by 


Q{a) = Q 



1 + |/?(1 + 


X + 




dx, 


(26) 


where Q 
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Figure 4. This plot shows wq (in units of |n)g|) as a function 
of the redshift 2 : for three different values of the equation state 
parameter, ui^ = —0.7, —0.8, —0.9. We take Qq = 0.85 and = 
0.65. 



On the other hand, the scalar potential Vq 
given by 


xCDM .rOfaoY 

<“» = (-j 


1 + 

4 +3/3(1-Wx) 


where “ ^x)]- 

Figure 5 shows the scalar potential (in units 

of Pc 12) as a function of the scalar field Q (in units of 
l/v47rG) for three different values of the parameter Wx 
{w^ = —0.7,—0.8,—0.9). Here, we have taken Qq = 0.85, 
0,M = 0.35 and = 0.65. 

Note that this scalar potential decreases when Q in¬ 
creases. This potential asymptotically tends to vanishing for 
a —> 00 . This implies that, asymptotically, the effective 
equation of state becomes Pq = pQ (for Q 7 ^ 0), corre¬ 
sponding to a stiff fluid. 


4 THE FIRST DOPPLER PEAK OF THE CMB 

SPECTRUM 

In this section, we are going to describe the position of the 
first Doppler peak for the different models studied in 

the previous section. 

The scales, which are important in determining the 
shape of the CMB anisotropy spectrum are the sound hori¬ 
zon ds at the time of recombination, and the angular diam¬ 
eter distance cJa to the last scattering surface. The former 
defines the physical scales for the Doppler peak structure 
that depends on the physical matter density (Dm), but not 
on the value of the cosmological constant (Da) or spatial 
curvature (Do), since these are dynamically negligible at 
the time of recombination (Efstathiou & Bond 1998). The 
latter depends practically on all of the parameters and is 
given by (for a closed universe): 



Q 


Figure 5. This plot shows Vq (in units of p^l^) as a function of 
the scalar field Q (in units of l/\/ 47 rG) for three different values 
of the equation state parameter, = —0.7, —0.8, —0.9. Here, we 
have taken the values Qq = 0.85, Qx — 0-65 and Dm = 0.35. 


Ho{l Z^s) Dc I 
with determined from 




Vls = Ho 


dx 

xm(x)' 


where x = a/ao and H{x) is the Hubble parameter obtained 
from the time-time component of the Einstein equations. We 
may write for the localization of the first Doppler peak 


where the constant of proportionality depends on both the 
shape of the primordial power spectrum and the Doppler 
peak number (Hu & White 1996). Since we are going to 
keep the Dm parameter fixed, we shall take l^s ~ dA, up to 
a factor that depends on Dm and only. 

For the sCDM model we find that 


Ho{l + ^Ls) \/Dm 


X sin 2 



Note that, for Dq <C Dm (which means that the curva¬ 
ture term is very small), we find that ~ I/VDm = 

1 /-x/Dt which agrees with the result obtained by Frampton 
et al (Frampton, Ng & Rohm 1998) for Da = 0. 

In the ACDM model, we find that 


Ho{l + z^s) x/Dq — Da 


X sin i/Dq — Da 


/Dm a; -I- Da a::"* 
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where we have set the lower limit on the integral equal to 
zero, since S> 1, and therefore we may take = 
1/(1 + ^Ls) ~ 0 - 

From the equation fig + flc = Ha together with the 
expression Hm + Ha = Hr = 1, we may write He = 1 — 
Hm — Hq. Now, following Wienberg (Weinberg 2000), we 
will keep fixed the Hm parameter with Hr close to one and 
Hq close to Ha- Thus, we find that 


ACDM 

''AS T > 


(32) 


where 


with 


d\nl 


__ 

a I Hq I I 6 ' 2 Ti ’ 

/ r2A = l~^M 


dx 


Jo [(1 - Hm)®"* + ’ 


and 


l2 = 


®"* dx 


<0 [(1 - Hm)®"* + Hm®]^^^ ’ 


(33) 


(34) 


(35) 


These expressions yield rj = 2.45 for Hm = 0.2 and rj = 
11/18 for Hm = 1-0. The latter value should be compared 
with that corresponding to the Ha = 0 case, in which rj = 
1 / 2 . 

For the xCDM model we find that 


I 


xCDM 

LS 


1 1 
Ho{l + 2;j^g ) a/Hq - D.X 


X sin 


\/^Q - / 

Jo 


dx 


■^/Hm® + H^,®* 


,(36) 


Following an approach similar to that described above, we 
now use Hq + Hq = H^ together with Hm + H^ = Ht = 1 
and, taking Hq close to H^,., we find an expression similar to 
eq. (32), with rj given by eq. (33), but now the integrals are 
given by 

dx 

® (37) 


Ti = 
and 
% = 


[(1 — Hm)®*- ®“>^+Hm®1^^^ 


dx 


lo [(1 - Hm)®* **“x+Hm®1®^^ 


(38) 


The values of the exponent rj appearing in equation (32) 
are tabulated in table 1 for the different models treated here. 

One important parameter that describes the depen¬ 
dence of the first Doppler peak position on the different pa¬ 
rameters that characterize any model is the shift parameter 
R. This parameter is related to the geometry of the universe 
and, for closed models, it may be defined as (Efstathiou & 
Bond 1998; Melchiorri & Griffiths 2000; Melchiorri 2002) 


R = 


Hj\ 


|Hq| 


\/|Hq| 


Vls 


(39) 


where i/ls is defined by equation (29). 

For the sCDM model, this parameter is given by 


RsCDM = 




1 - 


1 + ZlS > 



Figure 6. This plot shows a set of lines R = const, for different 
values of the parameter Hq. The values of R and Qq are given 
next to each line. We have also included in this plot the line that 
joins the points (1.0; 0.0) and (0.0; 1.0 (dashed line). 


which, at first glance, seems to be a quantity that depends 
on Hq and Hm parameters. But we know that, in this model, 
the parameter Hm gets the value one. Here, we have used 
the equality |Hq| = Hq. 

For the ACDM model we find that the parameter R is 
given by 


Racdm = 


Hj\ 


Hq — Ha 


a/ Hq — Ha 
^ dx 


VHm® + Ha®"* 


(40) 


Here, we have used the relation |Hq| = Hq — Ha (with Hq > 
Ha) and we have considered xls ~ 0. 

In Figure 6 we have plotted a set of lines R = const, 
for different values of the parameter Hq. The values of R 
and Hq are given next to each line. Notice that, when we 
increase the value of Hq (by keeping the value of R fixed), 
the R = const, lines are moved towards greater values of 
the Hm parameter. This means that the Doppler peaks are 
shifted towards greater angular scale values (Melchiorri & 
Griffiths 2000). 

For the xCDM model we find that the R paremeter 
becomes given by the following expression: 


RxCdm = 


Ha 


Hq — 


\/Hq H/i 


X /' . (41) 

Jo a/Hm® + Hx®* 

In Figure 7 we have plotted two sets of RxCdm = 
const, contours for three different values of Wx (Wx = 
—0.3,—0.5,—0.9). In these curves we have kept fixed Hq 
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Table 1. This table shows the exponent parameters r] of Eq. (32) for the ACDM and the xCDM models, where we have used different 
values of the parameter Hjvf • For the latter model we have taken the values -0.7, -0.8 and -0.9 for the parameter w^. 




rjXCDM 


= —0.7 = —0.8 = —0.9 


0.2 

2.422 

2.152 

2.258 

2.346 

0.3 

1.727 

1.571 

1.633 

1.684 

0.4 

1.350 

1.248 

1.289 

1.322 

1.0 

0.595 

0.571 

0.581 

0.588 



Figure 7. This plot shows two sets of lines of constant R in the 
~ plane for three different values of the state equation 
parameter; = —0.3 (Ai and A 2 lines), = —0.5 (Bi and B 2 
lines) and = —0.9 (Ci and C 2 lines). The value of R is given 
next to each set of lines. 

equal to one. Notice that, for small values of the these 
curves almost overlaps. 

We should note that the sCDM and ACDM models 
are special cases of the xCDM model. They are obtained 
from equation (41) by taking ~ 0 and = Qa with 
Wx = —1, respectively. At this point, we should add that 
more precise future astronomical measurements of the loca¬ 
tion of the first Doppler peak (and its corresponding charac¬ 
teristics) will certainly supply information on which of these 
models (or another one) is more appropriate for describing 
the universe we live in. 


5 CONCLUSIONS 

In this paper we have described closed universe models in 
which, apart from the usual Cold Dark Matter component, 
we have included a quintessence scalar held Q. We have 
hne tuned the quintessence component together with the 
curvature term for getting a hat model in which three dif¬ 


ferent models were described. These models were the stan¬ 
dard Cold Dark Matter {sCDM model, characterized by 
Dt = 1), the Cosmological constant Cold Dark Matter 
{ACDM model, characterized by fix = = 1) 

and the Quintessence (or Dark Energy) Cold Dark Matter 
{xCDM, model characterized by fir = = 1). In all 

of them we have described the properties of the scalar held 
Q. The characterization of the scalar held Q in the different 
models comes from the determination of the scalar poten¬ 
tial V{Q). In all of these models, this potential decreases 
when the scalar held Q increases. This property seems to be 
common to all of the dark energy potentials. In the ACDM 
model, this potential approaches a constant given by SUqIIa 
at a large scale factor. In the other two models, the poten¬ 
tial V{Q) goes to zero, asymptotically. Since all of these 
models are indistinguishable from hat models at enough low 
redshift (say 2 ; ~ 1 ), we expect that with an appropriate 
hne tuning, it will be possible to consolidate the supernova 
measurements with closed universe models. 

As an applicability of the different models described 
above, we have determined the position of the hrst Doppler 
peak together with the shift parameter R. For | Q.c |~ 0, we 
have found that the hrst Doppler peak is quite sensitive to 
the mass density values (Hm). 

For a hxed Hm at 0.4 and Q.t ~ 1, the hrst Doppler 
peak behaves as with the exponent rj given by 0.500 
(for the sCDM model), 1.350 (for the ACDM model), 1.248 
(for the xCDM model with = —0.7), 1.289 (for the 
xCDM model with = —0.8) and 1.322 (for the yCDM 
model with Wx = —0.9). We may compare these values with 
that specihed by Weinberg, which results to be 1.244. This 
value agrees with that obtained from the xCDM model, in 
which Wx = —0.7. Some values of the rj exponent have been 
tabulated in table 1. In this table we have excluded the value 
corresponding to the sCDM model, where 77 = 1/2 is found. 
Precise measurements of the location of the first Doppler 
peak (together with the other peaks and their properties) 
can supply information on the parameters Qa (or D;,,.) and 
Qt, from which we could obtain an appropriate value for 
the parameter Hq. 

Secondly, we have determined the shift parameter R. In 
the ACDM model, this parameter is highly sensitive to the 
value of Hq . Something similar occurs in the yCDM model. 
We have plotted curves R— const, in the graph Qx ''/s 
for different values for the Wx parameter. For Qx ~ 1 fh® 
i?=const. curves became separated. But, for Qx ~ 0, they 
began to come together. It is interesting to consider the value 
R = 1, since this case allows us to determine a precise value 
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for the VIq parameter. For the sCDM model we obtain that 
Qq — 0; meanwhile, for the other two cases, Qq — Qa and 
Hq = Qx for tho ACDM and xCDM models, respectively. 
We may conclude that, as far as we are concerned with the 
observed acceleration detected in the universe and the loca¬ 
tion of the first Doppler peak, we will be able to utilize a 
closed model to describe the universe we live in. 
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